Lagrangian chaos and turbulent diffusivity by Bershadskii, A.
ar
X
iv
:1
90
4.
05
79
3v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  1
1 A
pr
 20
19
Lagrangian chaos and turbulent diffusivity
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
Passive scalar mixing, produced by Lagrangian chaos generated a) by quasi-periodic (integrable)
motion of three quasi-point vortices and b) by chaotic motion of three and six quasi-point vor-
tices, has been studied and compared with turbulent mixing of passive scalar in 2D and 3D steady
isotropic homogeneous turbulence and in turbulent wakes behind grid and behind cylinder. Results
of numerical and laboratory experiments have been used and effective diffusivity approximation as
well as distributed chaos approach have been applied to this problem.
INTRODUCTION
Let us start from the Navier-Stokes equations for in-
compressible fluids [1]
∂tv + (v · ∇)v = −∇p+ ν∇
2
v + fv, (1)
∇ · v = 0 (2)
Energy dissipation rate
ε = ν Ω, (3)
where the enstrophy
Ω = 〈ω(x, t)2〉x, (4)
ω(x, t) = ∇ × v is vorticity, ν is viscosity and 〈...〉x
means spatial average.
The Kolmogorov-Obukhov phenomenology assumes
existence of an inertial range of scales where viscosity
ν plays its role through the energy dissipation rate Eq.
(3) only and the kinetic energy spectrum [1]
Ev(k) ∝ ε
2/3k−5/3 (5)
In this phenomenology the enstrophy Ω is assumed to be
approximately constant for the inertial range of scales.
It is also assumed that in the limit ν → 0 the ensrophy
Ω → ∞ so that the energy dissipation rate ε is finite in
this limit.
An example of a flow with infinite enstrophy at ν = 0
can be found in two-dimensional inviscid case. In this
case Eqs. (1-2) allows a superposition of point vortices
as a solution. The vorticity field
ω(x, t) =
∑
i
Γiδ(r− ri) (6)
where Γi (circulations) are some constants and ri are
positions of the point vortices. Motion of the system of
the point vortices on the unbounded plane is described
by a Hamiltonian system of equations
Γix˙i =
∂H
∂yi
, Γiy˙i = −
∂H
∂xi
(7)
where the Hamiltonian
H = −
1
4pi
N∑
i<j
ΓiΓj ln[(xi − xj)
2 + (yi − yj)
2] (8)
N is the number of the point vortices (see, for instance,
Ref. [2]. This example, with certain modification, will
be useful for further consideration.
Mixing of passive scalar θ(x, t) by a velocity field
v(x, t) can be described by equation
∂tθ + (v · ∇)θ = κ∇
2θ + fθ (9)
The Obukhov-Corrsin phenomenology for the passive
scalar mixing is an extension of the Kolmogorov-
Obukhov phenomenology on the passive scalar mixing. It
is assumed that there exists an inertial-convection range
of scales where the molecular diffusivity κ and viscosity
play their role through the combination [1]
χε−1/3 = 2κ〈(∇θ)2〉x(νΩ))
−1/3
only (the χ = 2κ〈(∇θ)2〉x is an analogue of the dissipa-
tion rate for the passive scalar), and power spectrum of
the passive scalar fluctuations
E(k) ∝ κ〈(∇θ)2〉x(νΩ)
−1/3k−5/3 (10)
MIXING BY QUASI-PERIODIC MOTION OF
THREE QUASI-POINT VORTICES
Results of a numerical experiment with mixing of the
passive scalar by three quasi-point vortices in a circu-
lar cylinder were reported in Ref. [3]. In order to
take into account the impenetrable boundary conditions
((v · n) = 0 along the boundary) the authors added to
the system of the three real vortices three image vortices
of strength −Γi and located at the mirror image of ri.
The Hamiltonian was changed accordingly.
In this numerical simulations dynamics of the
quasi-point vortices was described by the Hamiltonian
corresponding to the point vortices approach, whereas
the point vortices were replaced by tiny vortex patches
where the vorticity was uniformly distributed. One
2can expect (and it was confirmed in the numerical
experiment) that this approach is valid as long as the
quasi-point vortices do not come too close to each other.
There are no singularities in this motion (cf. Eq. (6)
for the point vortices) and the enstrophy Ω is finite and
constant.
Figure 1 (adapted from Fig. 4a of the Ref. [3]) shows
a regular trajectory observed in this experiment for
initial conditions r1(0) = (0.1, 0.7), r2(0) = (0.5, 0.5),
and r3(0) = (0.5, 0.3), with Γ1 = Γ2 = Γ3=constant.
The motion of vortices is quasi-periodic (integrable) in
this case. Then the velocity field, generated by these
quasi-point vortices, was substituted into the passive
scalar equation Eq. (9) with a scalar source continually
injecting passive scalar density at low values of the
wavenumbers k at a constant rate.
Despite the quasi-periodic (integrable) motion of the
quasi-point vortices a Lagrangian chaos was generated
by this motion and power spectrum of the passive scalar
concentration fluctuations was a continuous one. This
spectrum is shown in Fig. 2 in the log-log scales (the
spectral data were taken from Fig. 7 of the Ref. [3]).
EFFECTIVE DIFFUSIVITY
In order to indicate existence of a power-law range of
scales (two decades long) in the spectrum a straight line
with slope ’-5/3’ in the log-log scales has been drawn
in the Fig. 2. There is no viscosity in this numerical
experiment. Therefore one cannot apply the Obukhov-
Corrsin phenomenology Eq. (10). The inverse cascade
phenomenology (see, for instance, Ref. [4] and references
therein) also cannot be expected here.
The notion of effective diffusivityD is a long known one
used both in the numerical simulations and in the theory
(see, for instance, Refs. [1],[5] and references therein).
Let us generalize the Obukhov-Corrsin phenomenology
and replace the viscosity ν in the Eq. (10) by the effective
diffusivity D
E(k) ∝ κ〈(∇θ)2〉x(DΩ)
−1/3k−5/3 (11)
Since the Hamiltonian of the system is an invariant of
the motion
dH
dt
= 0 (12)
one can write for this system
D = c |H |1/2 (13)
where c is a dimensionless constant. On the other hand,
one can estimate the effective diffusivity D as
D = vclc (14)
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FIG. 1: A regular trajectory observed in the quasi-periodic
motion of the three quasi-point vortices.
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FIG. 2: Power spectrum of the passive scalar fluctuations cor-
responding to the Lagrangian chaos generated by the quasi-
periodic motion of the three quasi-point vortices.
where lc and vc are the characteristic spatial scale and
velocity respectively. If one uses the wavenumber terms
lc ∝ 1/kc, then
D ∝ vck
−1
c (15)
or
vc ∝ D kc (16)
In order to understand what happens for the spatial
scales which are smaller then those belonging to the
power-law range let the characteristic velocity vc and
characteristic spatial scale lc (or wavenumber kc) fluctu-
ate remaining the effective diffusivity the same constant,
3and let us use the distributed chaos approach for the
fluctuating kc [6]:
E(k) ∝
∫
∞
0
P (kc) exp−(k/kc)dkc ∝ exp−(k/kβ)
β
(17)
where P (kc) is distribution of the fluctuating kc.
Let us estimate asymptote of P (kc) at kc → ∞ from
the Eq. (17)
P (kc) ∝ k
−1+β/[2(1−β)]
c exp(−bk
β/(1−β)
c ) (18)
b is a constant [7]. If fluctuating vc has Gaussian dis-
tribution, then from the Eq. (16) one obtains Gaussian
distribution for the fluctuating kc as well. The distribu-
tion Eq. (18) is Gaussian when β = 2/3 and one obtains
E(k) ∝ exp−(k/kβ)
2/3 (19)
The dashed curve in the Fig. 2 indicates correspondence
to the spectrum Eq. (19) and the dotted arrow indicates
position of the scale kβ . Actually the scale kβ separates
the power-law (’-5/3’) and the distributed chaos regions
of scales (see also below).
MIXING IN THREE-DIMENSIONAL ISOTROPIC
HOMOGENEOUS TURBULENCE
Despite the fact that the spectrum shown in the Fig.
2 corresponds to the passive scalar mixing produced
by quasi-periodic motion of the three quasi-point vor-
tices (rather minimal system and motion type) it is
interesting to compare the Fig. 2 with corresponding
spectra observed in the laboratory and direct numerical
simulations of three-dimensional isotropic homogeneous
turbulence (especially taking into account the role of
the vortex filaments in three-dimensional turbulence for
moderate and large values of Reynolds number, see Ref.
[8],[9] and references therein).
Wake behind a grid is often used for laboratory
simulations of the three-dimensional isotropic homoge-
neous turbulence [1]. Figure 3 shows power spectrum
of the passive scalar fluctuations (temperature in this
case) for the Taylor-Reynolds number Reλ = 582 and
the Schmidt number Sc = ν/κ ≃ 0.71 observed in a
laboratory experiment in turbulent wake behind a grid
[10]. The passive scalar was induced in the flow by
imposed mean temperature gradient. The spectral data
for the Fig. 3 were taken from Fig. 4 of the Ref. [10]
(k1 - the longitudinal wavenumber, has been normalized
by the Batchelor scale kbat = [ε/(νκ
2)]1/4 [1]). As in the
Fig. 2 the straight line with slope ’-5/3’ in the log-log
scales has been drawn in the Fig. 3 for reference. The
dashed curve in the Fig. 3 indicates correspondence
to the stretched exponential spectrum Eq. (19). The
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FIG. 3: Power spectrum of the passive scalar fluctuations
generated by a quasi-isotropic grid turbulence in a laboratory
experiment at Reλ = 582 and Sc ≃ 0.71.
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FIG. 4: Power spectrum of the passive scalar fluctuations
generated by a steady isotropic homogeneous turbulence at
Reλ = 427 and Sc = 1.
dotted arrow indicates position of the normalized scale
kβ . The scale kβ separates the power-law (’-5/3’) and
the distributed chaos regions of scales, as in the Fig. 2.
The effective diffusivity in this case can be based on the
Chkhetiani invariant (velocity-vorticity correlation inte-
gral [11]-[13]):
I =
∫
〈v(x, t) · ω(x+ r, t)〉dr
as
D = C|I|1/2 (20)
(where C is a dimensionless constant), instead of the
4Hamiltonian H used in the point-vortices case Eq. (13).
In the two-dimensional case the Chkhetiani invariant
is equal to zero and, consequently, cannot be used for
this purpose. It should be noted the Chkhetiani invari-
ant is related to helicity: h = v · ω [11] and, through
this relation, to the Lagrangian relabeling symmetry [14].
Figure 4 shows power spectrum of the passive scalar
fluctuations for Reλ = 427 and Sc = 1 observed in a
direct numerical simulation of the steady isotropic ho-
mogeneous turbulence [15]. The fv (Gaussian random
force, Eq. (1)) and fθ (scalar source, Eq. (9)) are delta-
correlated in time and (as for the three vortices numeri-
cal experiment) have been added in the low-wavenumbers
range. As in the Fig. 2 the straight line with slope ’-5/3’
in the log-log scales has been drawn in the Fig. 4 for
reference.
The dashed curve in the Fig. 4 indicates correspon-
dence to the stretched exponential spectrum Eq. (17)
with β = 3/4, that is related to the Birkhoff-Saffman
invariant of the Navier-Stokes Eqs. (1-2) [6]. This
invariant corresponds to the linear momentum conser-
vation and, according to the Noether’s theorem [16],
to the spatial translational symmetry of the Eqs. (1-2)
[6],[17],[18].
The value β = 3/4 is rather close to the value β = 2/3.
An interplay (renormalization) between the Birkhoff-
Saffman invariant (velocity-velocity correlation integral
[18]) and the Chkhetiani invariant (velocity-vorticity cor-
relation integral [11]-[13]) in the three-dimensional dis-
tributed chaos can be rather interesting. If we apply
the effective diffusivity approximation to the spectral
data shown in the Fig. 4 (i.e. an approximation by
the stretched exponential with β = 2/3 instead of the
β = 3/4), then we obtain value of kβ satisfying relation-
ship
ln(kbat/kβ) ≃ 3 (21)
effective for an equilibrium scale separating the power-
law (’-5/3’) and the distributed chaos regions of scales
[19]. It means that with this renormalization we can find
the value of kβ from the first principles.
MIXING BY CHAOTIC MOTION OF THE
QUASI-POINT VORTICES
Besides the Hamiltonian H the Hamiltonian system
Eqs. (7-8) on the unbounded plane has additional three
independent first integrals (invariants of the motion, see,
for instance, Ref. [2]) :
Px =
∑
i
Γixi, Py =
∑
i
Γiyi, (22)
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FIG. 5: Power spectrum of the passive scalar fluctuations
produced by chaotic motion of six quasi-point vortices.
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FIG. 6: As in the Fig. 5 but for chaotic motion of three
quasi-point vortices.
and
I =
∑
i
Γi(x
2
i + y
2
i ) (23)
The integrals Eq. (22) correspond to the two com-
ponents of the ’linear momentum’ P, and the integral
I Eq. (23) corresponds to ’angular momentum’ of the
Hamiltonian system Eqs. (7-8). Due to the Noether’s
theorem [16] conservation of P is related to the spatial
translational symmetry (spatial homogeneity) and
conservation of I is related to the rotational symmetry
(isotropy) [2].
We have already considered a physically meaningful
product of invariants in the Eq. (11). Let us consider
5two additional products of invariants:
I1 = |P|DΩ (24)
and
I2 = |I|DΩ (25)
related to the spatial homogeneity and isotropy corre-
spondingly.
If one of these invariants dominates the distributed
chaos, then instead of the relationship Eq. (16) we obtain
from the dimensional considerations
vc ∝ I
1/4
1 k
1/4
c (26)
or
vc ∝ I
1/4
2 k
1/2
c (27)
correspondingly.
Let us write a general relationship
vc ∝ k
α
c (28)
Then taking into account the Gaussian distribution of the
characteristic velocity vc we obtain from the Eqs. (28)
and (18)
β =
2α
1 + 2α
(29)
This relationship results in
E(k) ∝ exp−(k/kβ)
1/3 (30)
for the case Eq. (26) (i.e. for the distributed chaos dom-
inated by the spatial homogeneity), or in
E(k) ∝ exp−(k/kβ)
1/2 (31)
for the case Eq. (27) (i.e. for the distributed chaos
dominated by the spatial isotropy).
In the paper [3] a chaotic motion of six quasi-
point vortices was observed in the circular cylinder.
The observed leading Lyapunov exponent was posi-
tive and approximately equal to 0.7. Fig. 5 shows
power spectrum of the passive scalar concentration
fluctuations produced by this chaotic motion and cor-
responding to the initial conditions: r1(0) = (0.1, 20.2),
r2(0) = (0.2, 20.8), r3(0) = (0.5, 20.5), r4(0) = (0.1, 0.5),
r5(0) = (0.7, 0.1), and r6(0) = (0.9, 0.2), with
Γ1 = Γ2 = Γ3 = −Γ4 = −Γ5 = −Γ6=constant.
The spectral data were taken from Fig. 13 of the
Ref. [3]. The dashed curve in the Fig. 5 indicates
correspondence to the spectrum Eq. (31) and the dotted
arrow indicates position of the scale kβ . One can see that
the distributed chaos was dominated by the rotational
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FIG. 7: Power spectrum of the passive scalar fluctuations in
the quasi two-dimensional isotropic homogeneous turbulence
symmetry (spatial isotropy) in this case.
Chaotic motion was also observed in the Ref. [3]
for the three quasi-point vortices for initial conditions:
r1(0) = (0.1, 0.7), r2(0) = (0.2, 0.9) and r3(0) = (0.5, 0.3)
with Γ1 = Γ2 = Γ3=constant. The observed leading Lya-
punov exponent was positive and approximately equal to
0.3. It often happens for the Hamiltonian systems that
for some initial conditions there is a quasi-periodic mo-
tion whereas for some other initial conditions there is a
chaotic motion. Fig. 6 shows power spectrum of the pas-
sive scalar concentration fluctuations produced by this
chaotic motion. The spectral data were taken from Fig.
11 of the Ref. [3]. The dashed curve in the Fig. 6 indi-
cates correspondence to the spectrum Eq. (30). It seems
that the distributed chaos in this case was dominated
by the spatial translational symmetry (spatial homogene-
ity).
Since the conservation of the ’angular momentum’ of
Hamiltonian systems is related by the Noether’s theo-
rem to rotational symmetry (isotropy) the ’angular mo-
mentum’ I is still a precise invariant for the motion
bounded by the circular cylinder, whereas the ’linear mo-
mentum’ P is not, because its conservation is related by
the Noether’s theorem to spatial translational symmetry
(homogeneity) [2],[16]. Therefore, Fig. 6 indicates that
the ’linear momentum’ can be still considered as an ap-
proximate invariant of the chaotic motion sufficiently far
from the boundary and for sufficiently large wavenumbers
k ≫ 1/L, where L is diameter of the circular cylinder.
6FIG. 8: Sketch of a vortex street in a flow behind circular
cylinder.
MIXING IN QUASI TWO-DIMENSIONAL
ISOTROPIC HOMOGENEOUS TURBULENCE
Results of an elaborate laboratory experiment with
approximately isotropic and homogeneous quasi two-
dimensional turbulence were reported in Ref. [20]. The
turbulence was studied in a thin layer of fresh water
placed above a saline solution (the two layers are separate
due to buoyancy). The motion was forced by interaction
between a random array of permanent magnets beneath
the experimental cell and a steady electric current ap-
plied to the saline solution. The secondary flow in the
thin (upper) water layer itself was not a magnetohydro-
dynamic one (see for more detail the Ref. [20]). Special
measures were taken to minimize vertical velocity com-
ponents and vertical velocity gradients in the thin upper
layer. An irregular array of moving chaotically around
the cell vortices was observed. The Reynolds number
based on the typical vortex diameter was Re ∼ 500. A
dye solution was used as a passive scalar. The Schmidt
number Sc = 2000 in this experiment. Figure 7 shows
power spectrum of the passive scalar fluctuations ob-
served in the experiment (the spectral data were taken
from Fig. 17b of the Ref. [20]). The dashed curve in
the Fig. 7 indicates correspondence to the spectrum Eq.
(30) (cf. Fig. 6).
WAKE BEHIND CIRCULAR CYLINDER
It is interesting to compare results of the previous
sections with results of a laboratory experiment with a
passive scalar mixing in turbulent wake behind a long
circular cylinder [21]. Figure 8 shows a sketch of a
so-called vortex street in a flow behind circular cylinder.
For turbulent flows the vortex streets are strongly
perturbed by the turbulent (chaotic) fluctuations and a
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FIG. 9: Power spectrum of the temperature fluctuations on
the wake centerline.
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FIG. 10: Power spectrum of the temperature fluctuations at
distance about three cylinder’s radii from the the wake cen-
terline.
good deal of homogenization and isotropization occurs
sufficiently far from the cylinder (mainly in the plane
orthogonal to axis of the cylinder).
Paper Ref. [21] reports results of an experiment with
a turbulent wake produced by slightly heated circular
cylinder in a wind tunnel (Reλ = 130). The tempera-
ture fluctuations can be considered a passive scalar in
this case. Figure 9 shows frequency (f) power spectrum
of the temperature fluctuations on the wake’s centerline
at distance about 160 cylinder’s radii down-flow from the
cylinder (cf. Fig. 5). Figure 10 shows power spectrum of
the temperature fluctuations at the same distance from
the cylinder but at distance about three cylinder’s radii
7from the wake’s centerline (cf. Fig. 6). The Taylor hy-
pothesis: 2pif = Uk, where U is the mean constant ve-
locity in the wake, can be applied here [1] for comparison
with the Eqs. (30-31) and with Figs. 5-6. The dashed
curves in the Figs. 9-10 are drawn for this purpose.
ACKNOWLEDGEMENT
I thank T. Gotoh, K.R. Sreenivasan and T. Watanabe
for sharing their data and O.G. Chkhetiani for sending
his papers.
[1] A. S. Monin, A. M. Yaglom, Statistical Fluid Mechanics,
Vol. II: Mechanics of Turbulence (Dover Pub. NY, 2007).
[2] H. Aref, Annu. Rev. Fluid Mech., 15, 345 (1983).
[3] G-C. Yuan, K. Nam, T.M. Antonsen, Jr., E Otta. and
P.N. Guzdar, Chaos, 10, 39 (2000).
[4] S. Chen, R.E. Ecke, G.L. Eyink, M. Rivera, M. Wan, and
Z. Xiao, Phys. Rev. Lett, 96, 084502 (2006).
[5] G. Boffetta, G. Lacorata and A. Vulpiani, Chaos, Trans-
port and Diffusion. In: Banerjee S., Rondoni L. (eds)
Applications of Chaos and Nonlinear Dynamics in Sci-
ence and Engineering - Vol. 4. Understanding Complex
Systems. Springer, (2015).
[6] A. Bershadskii, arXiv:1903.11523 (2019).
[7] D. C. Johnston, Phys. Rev. B, 74, 184430 (2006).
[8] P.K. Yeung, X.M. Zhai, and K.R. Sreenivasan, Proc.
Natl. Acad. Sci., 112, 12633 (2015).
[9] K.P. Iyer, K.R. Sreenivasan and P.K. Yeung,
arXiv:1902.07326 (2019).
[10] L. Mydlarski, J. Fluid Mech., 475, 173 (2003).
[11] A.O. Levshin and O.G. Chkhetiani, JETP Lett., 98, 598
(2013).
[12] O.G. Chkhetiani, JETP Lett., 63, 808 (1996).
[13] A. Bershadskii, arXiv:1902.04479 (2019).
[14] A. Yahalom, J. Math. Phys. 36 1324 (1995).
[15] T. Watanabe and T. Gotoh, New J. Phys. 6, 40 (2004).
[16] J.V. Jose´ and E.J. Saletan, Classical Dynamics: A Con-
temporary Approach (Cambridge University Press, Cam-
bridge 1998).
[17] P. G. Saffman, J. Fluid. Mech. 27, 551 (1967).
[18] P. A. Davidson P.A. Turbulence in rotating, stratified
and electrically conducting fluids. (Cambridge University
Press, 2013).
[19] A. Bershadskii, Chaos, 20, 043124 (2010).
[20] B. Williams, D. Marteau, and J.P. Gollub, Phys. Fluids
9, 2061 (1997).
[21] P. Kailasnath, K.R. Sreenivasan and J.R. Saylor, Phys.
Fluids A 5, 3207 (1993).
